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SUBREPRESENTATION THEOREM FOR
p-ADIC SYMMETRIC SPACES
SHIN-ICHI KATO AND KEIJI TAKANO
Abstract. The notion of relative cuspidality for distinguished
representations attached to p-adic symmetric spaces is introduced.
A characterization of relative cuspidality in terms of Jacquet mod-
ules is given and a generalization of Jacquet’s subrepresentation
theorem to the relative case (symmetric space case) is established.
Introduction
Let G be a reductive p-adic group, σ an involution on G and H
the subgroup of all σ-fixed points in G. An admissible representa-
tion (π, V ) of G is said to be H-distinguished if the space (V ∗)H of
all H-invariant linear forms on V is non-zero. Such a representation
arises as a local component of automorphic representations which are
of particular interest (see [J] for example). From representation theo-
retic point of view, distinguished representations are the basic object of
harmonic analysis on the p-adic symmetric space G/H . By the Frobe-
nius reciprocity, these representations can be realized in the space of
smooth functions on G/H . The classification or parametrization of
such representations would be a fundamental problem. Over the real
field, harmonic analysis on semisimple or reductive symmetric spaces
has been fully developed since 1980’s (see [O] and [D]). By contrast,
the theory over p-adic fields has not been developed yet.
In this paper, we suggest a new basic tool for the study of harmonic
analysis on p-adic symmetric spaces, and establish the relative version
(for general p-adic symmetric spaces) of Jacquet’s subrepresentation
theorem (for general p-adic groups).
Jacquet’s subrepresentation theorem asserts that any irreducible ad-
missible representation of a reductive p-adic group can be embedded
in a parabolically induced representation. The inducing representation
of a Levi subgroup can be taken as an irreducible cuspidal one, that
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is, a representation whose matrix coefficients are compactly supported
modulo the center. To establish the relative version of this theory,
first we introduce the notion of relative cuspidality as follows. An H-
distinguished representation of G is said to be H-relatively cuspidal
if all the generalized matrix coefficients defined by H-invariant linear
forms (which we shall call H-matrix coefficients) are compactly sup-
ported modulo the product of H and the center of G. We use only
such ones as the inducing representations. Besides, as the inducing
subgroups, we use only a particular class of parabolic subgroups. A
parabolic subgroup P is said to be σ-split if P and σ(P ) are opposite.
In this case, M = P ∩ σ(P ) is a σ-stable Levi subgroup of P and the
quotient M/(M ∩H) gives a symmetric space of lower rank. Now we
state the main theorem of this paper.
Theorem A (Theorem 7.1). Let π be an irreducible H-distinguished
representation of G. Then there exists a σ-split parabolic subgroup P of
G and an irreducible M∩H-relatively cuspidal representation ρ of M =
P ∩ σ(P ) such that π can be embedded in the induced representation
IndGP (ρ).
This gives a generalization of Jacquet’s subrepresentation theorem
in the following sense. Take an arbitrary reductive p-adic group G1 and
form the direct product G = G1 × G1. Let σ be the involution on G
which permutes factors. Then the σ-fixed point subgroup in G is the di-
agonally embedded subgroup ∆G1. An irreducible ∆G1-distinguished
representation of G1×G1 is of the form π1⊗π˜1 where π1 is an irreducible
admissible representation of G1 and π˜1 is the contragredient of π1. It is
∆G1-relatively cuspidal if and only if π1 is cuspidal in the usual sense.
A σ-split parabolic subgroup of G1 ×G1 is of the form P1 × P
−
1 where
P1 and P
−
1 are opposite parabolics of G1. Now, Theorem A applied
to this situation will give an embedding of any irreducible admissible
representation π1 ⊗ π˜1 into
IndG1×G1
P1×P
−
1
(ρ1 ⊗ ρ˜1) ≃ Ind
G1
P1
(ρ1)⊗ Ind
G1
P−1
(ρ˜1)
where ρ1 is an irreducible cuspidal representation of a Levi subgroup of
P1. In this way, Jacquet’s subrepresentation theorem can be recovered
from our theorem. We have an embedding π1 →֒ Ind
G1
P1
(ρ1) on the first
factor, and also π˜1 →֒ Ind
G1
P−1
(ρ˜1) on the second factor at the same time.
In the process of obtaining Theorem A, we refer to Casselman’s proof
of Jacquet’s subrepresentation theorem as a prototype. In [C], a canon-
ical pairing of Jacquet modules is constructed. It provides a relation
of the asymptotic behaviors between matrix coefficients for a given
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representation and those for its Jacquet modules. By this relation,
the well-known characterization of cuspidality is shown: An admissible
representation is cuspidal if and only if the Jacquet modules along all
proper parabolics vanish. After this characterization, Jacquet’s subrep-
resentation theorem readily follows from the inductive argument using
the Frobenius reciprocity.
We consider a relative version of Casselman’s canonical pairing, which
is expected to be a basic tool for harmonic analysis of G/H . Let P be
a σ-split parabolic subgroup with the Levi subgroup M = P ∩ σ(P ).
Let (πP , VP ) denote the Jacquet module of (π, V ) along P . We shall
construct a mapping
rP : (V
∗)H → (V ∗P )
M∩H
of invariant linear forms. This will provide a relation of the asymp-
totic behaviors between H-matrix coefficients for π and M ∩H-matrix
coefficients for πP . Using this relation, we can deduce another main
theorem which gives a characterization of relative cuspidality:
Theorem B (Theorem 6.9). An H-distinguished representation (π, V )
of G is H-relatively cuspidal if and only if rP ((V
∗)H) = 0 for any proper
σ-split parabolic subgroup P of G.
Theorem A is a natural consequence of this characterization.
This paper is organized as follows. Section 1 is devoted to definitions,
notation and some elementary properties of relatively cuspidal repre-
sentations. In section 2, basic notation and properties concerning with
tori, roots and parabolic subgroups associated to the involution are
prepared. Section 3 deals with the analogue of Cartan decomposition
for p-adic symmetric spaces given independently by Benoist-Oh [BO]
and Delorme-Se´cherre [DS]. This will be used in an important step of
the analysis of H-matrix coefficients. In section 4, certain families of
open compact subgroups are introduced. Lemma 4.6 on a property of
the subgroups in such a family will be a key to the construction of the
mapping rP in section 5. After that, we give a result Proposition 5.5
on an asymptotic behavior of H-matrix coefficients. This will be used
repeatedly in the proof of various properties of rP such as the transi-
tivity (Proposition 5.9). Section 6 is devoted to the proof of Theorem
B (Theorem 6.9). The proof of Theorem A (Theorem 7.1) is given
shortly in section 7. Finally, we give several examples of relatively
cuspidal representations in section 8.
4 SHIN-ICHI KATO AND KEIJI TAKANO
After this paper was completed, we learned that Nathalie Lagier
has obtained independently the same result as our Proposition 5.5 and
Proposition 5.6 (1), which has appeared in the announcement [L]. We
are grateful to Patrick Delorme for pointing this out.
1. Relatively cuspidal representations
In this section, we shall introduce the notion of relative cuspidality
for distinguished representations and give some elementary properties
of them.
1.1. Let F be a non-archimedean local field with the normalized abso-
lute value | · |F and the valuation ring OF . We assume that the residual
characteristic of F is not equal to 2 throughout this paper. Let G be
a connected reductive group over F and σ an F -involution on G. The
F -subgroup {h ∈ G | σ(h) = h} of all σ-fixed points of G is denoted by
H. Let Z be the F -split component of G, that is, the largest F -split
torus lying in the center of G. Note that Z is σ-stable. The group
G(F ) of F -points of G is denoted by G. Similarly, for any F -subgroup
R of G, we shall write R = R(F ).
1.2. Let (π, V ) be an admissible representation of G over C. It is
said to be H-distinguished if the space (V ∗)H of all H-invariant linear
forms on V is non-zero. For λ ∈ (V ∗)H and v ∈ V , let ϕλ,v denote the
function on G defined by
ϕλ,v(x) = 〈λ, π(x
−1)v〉 (x ∈ G).
We call such functions (H, λ)-matrix coefficients of π. These are not
the usual matrix coefficients of π, since H-invariant linear forms are
not smooth in general. Let C∞(G/H) denote the space of all right
H-invariant locally constant C-valued functions on G, on which G
acts by the left translation. Any subrepresentation of C∞(G/H) is
H-distinguished by the linear form ϕ 7→ ϕ(e). All the (H, λ)-matrix
coefficients belong to C∞(G/H) with the obvious G-equivariance
ϕλ,pi(g)v(x) = ϕλ,v(g
−1x)
for x, g ∈ G. Set Tλ(v) = ϕλ,v for λ ∈ (V ∗)H and v ∈ V . Then the
mapping Tλ : V → C∞(G/H) is a G-morphism, which is non-zero if
and only if λ 6= 0.
1.3. Definition. An H-distinguished representation (π, V ) is said to
be (H, λ)-relatively cuspidal (for λ ∈ (V ∗)H) if all the (H, λ)-matrix
coefficients of π are compactly supported modulo ZH . A representation
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(π, V ) is said to beH-relatively cuspidal if it is (H, λ)-relatively cuspidal
for all λ ∈ (V ∗)H .
1.4. Let C∞0 (G/H) denote the subspace of C
∞(G/H) consisting of all
the functions ϕ ∈ C∞(G/H) which are compactly supported modulo
ZH . It is stable under G from the left. An H-distinguished represen-
tation (π, V ) is (H, λ)-relatively cuspidal for λ ∈ (V ∗)H if and only if
the image Tλ(V ) is contained in C
∞
0 (G/H).
1.5. The group case. Here we see that the notion of relative cuspidality
introduced above includes the usual cuspidality as a special case. Take
a connected reductive F -group G1 and let G be the direct product
G = G1 ×G1
equipped with the involution
σ(g1, g2) = (g2, g1).
The σ-fixed point subgroup H is the diagonally embedded subgroup
∆G1 =
{
(g, g) ∈ G1 ×G1
∣∣ g ∈ G1}.
The mapping (g1, g2) 7→ g1g
−1
2 induces a G-equivariant isomorphism
of the quotient G/H = (G1 ×G1) /∆G1 onto the underlying variety
of G1 on which G = G1 ×G1 acts by multiplication from both sides.
The F -split component Z of G is of the form Z1 × Z1 where Z1 is the
F -split component of G1. Henceforth, this situation is referred to as
the group case.
Any irreducible admissible representation of G = G1 × G1 is of the
form π1⊗π′1 where π1 and π
′
1 are irreducible admissible representations
of G1. It is ∆G1-distinguished if and only if π
′
1 is isomorphic to the
contragredient π˜1 of π1. The natural pairing 〈 , 〉fpi1×pi1 of π˜1 and π1
defines a non-zero ∆G1-invariant linear form, say λ ∈ ((π1 ⊗ π˜1)∗)
∆G1,
which is unique up to constant. It is given by
〈λ, v1 ⊗ v˜1〉 = 〈v˜1, v1〉fpi1×pi1
for v1 ∈ V1 and v˜1 ∈ V˜1. Observe the relation
〈λ, (π1 ⊗ π˜1)(g1, g2)
−1(v1 ⊗ v˜1)〉 = 〈λ, π1(g
−1
1 )v1 ⊗ π˜1(g
−1
2 )v˜1〉
= 〈π˜1(g
−1
2 )v˜1, π1(g
−1
1 )v1〉fpi1×pi1 = 〈v˜1, π1
(
(g1g
−1
2 )
−1
)
v1〉fpi1×pi1
for g1, g2 ∈ G1 and v1 ∈ V1, v˜1 ∈ V˜1. As is seen from this, the (∆G1, λ)-
matrix coefficients are identified with the usual matrix coefficients of
π1 through the mapping (g1, g2) 7→ g1g
−1
2 .
Recall that an admissible representation is said to be cuspidal if
all the usual matrix coefficients are compactly supported modulo the
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center. Now it is obvious from the above identification that π1 ⊗ π˜1 is
(∆G1, λ)-relatively (actually ∆G1-relatively) cuspidal if and only if π1
is cuspidal as a representation of G1.
1.6. For an admissible representation (π, V ) ofG and a quasi-character
ω of Z, put
Vω =
{
v ∈ V
∣∣ π(z)v = ω(z)v for all z ∈ Z}.
We call a subrepresentation of V an ω-subrepresentation if it is con-
tained in Vω, and call V an ω-representation if V = Vω.
1.7. Lemma. Let (π, V ) be an admissible representation of G of finite
length. Then there exists a non-trivial quotient representation of V
which is isomorphic to an ω-subrepresentation of V for some quasi-
character ω of Z.
Proof. Recall from [C, 2.1.9] the direct sum decomposition V =
⊕
ω Vω,∞
where ω runs over a finite set of quasi-characters of Z,
Vω,n =
{
v ∈ V
∣∣ (π(z)− ω(z))nv = 0 for all z ∈ Z}
and
Vω,∞ =
⋃
n
Vω,n.
It is enough to consider the case V = Vω,∞ for some quasi-character ω
of Z. If V = Vω,1 = Vω, there is nothing to prove. If not, there exist
elements z0 ∈ Z and v0 ∈ V such that
π(z0)v0 − ω(z0)v0 6= 0.
Set φ1 = π(z0) − ω(z0)idV : V → V . This is a non-zero G-morphism
with non-trivial kernel. Let V1 be the image of φ1. It is a proper G-
submodule of V . If V1 ⊂ Vω, then V/Ker(φ1) ≃ V1 will give the desired
quotient. If V1 6⊂ Vω, there are z1 ∈ Z and v1 ∈ V1 such that
π(z1)v1 − ω(z1)v1 6= 0.
Set φ2 = (π(z1)− ω(z1)idV ) |V1 : V1 → V1. Again this is a non-zero
G-morphism with non-trivial kernel. Let V2 be the image of φ2, which
is a proper G-submodule of V1. In this way, we can construct a non-
zero proper G-submodule Vk of Vk−1 with a surjective G-morphism
Vk−1
φk
։ Vk inductively as long as Vk−1 is not contained in Vω. We
obtain a decreasing sequence
V % V1 % V2 % · · · % Vk 6= 0,
of G-submodules, together with surjective G-morphisms
V
φ1
։ V1
φ2
։ V2 ։ · · ·
φk
։ Vk.
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We must have Vk ⊂ Vω for some k by the finiteness of length of V .
Now V/Ker(φk ◦ · · · ◦ φ1) ≃ Vk will give the desired quotient. 
1.8. For a quasi-character ω of Z which is trivial on Z ∩ H , let
C∞0,ω(G/H) denote the space of all ϕ ∈ C
∞
0 (G/H) satisfying
ϕ(zg) = ω−1(z)ϕ(g)
for g ∈ G and z ∈ Z. If an ω-representation is H-distinguished, then
we must have ω|Z∩H ≡ 1. An H-distinguished ω-representation (π, V )
is (H, λ)-relatively cuspidal for λ ∈ (V ∗)H if and only if the image
Tλ(V ) is contained in C
∞
0,ω(G/H).
If ω is unitary, then any subrepresentation of C∞0,ω(G/H) is pre-
unitary by the G-invariant hermitian inner product
〈〈ϕ, ψ 〉〉 =
∫
G/ZH
ϕ(g˙)ψ(g˙)dg˙ (ϕ, ψ ∈ C∞0,ω(G/H))
where dg˙ denotes a G-invariant measure on the quotient G/ZH .
1.9. Let X (G,R×>0) be the set of all positive real valued quasi-characters
of G and put
X (G/H,R×>0) = {χ ∈ X (G,R
×
>0)
∣∣ χ|H ≡ 1 }.
We define X (Z,R×>0) and X (Z/Z ∩H,R
×
>0) similarly.
1.10. Lemma. (1) The restriction map
X (G,R×>0)
res
−→ X (Z,R×>0), res(χ) = χ|Z
(
χ ∈ X (G,R×>0)
)
is bijective.
(2) The above restriction map sends X (G/H,R×>0) bijectively onto
X (Z/Z ∩H,R×>0).
Proof. (1) is well-known (e.g., [C, 5.2.5]). For (2), first it is obvious
that χ|Z ∈ X (Z/Z ∩ H,R×>0) for all χ ∈ X (G/H,R
×
>0). On the other
hand, for a given ω ∈ X (Z/Z ∩ H,R×>0), let us take the element χ ∈
X (G,R×>0) such that χ|Z = ω by (1). Since zσ(z) ∈ Z ∩ H for all
z ∈ Z, we have ω(zσ(z)) = 1 so that ω ◦ σ = ω−1. Thus we have
(χ ◦σ)|Z = (χ|Z) ◦ σ = (χ|Z)−1 = χ−1|Z , which shows that χ ◦ σ = χ−1
on G by (1). This proves that χ|H ≡ 1 since χ(h) = χ−1(h) ∈ R×>0 for
all h ∈ H . 
1.11. Proposition. Any finitely generated (H, λ)-relatively cuspidal
representation of G has a non-trivial H-distinguished irreducible quo-
tient.
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Proof. Let (π, V ) be a finitely generated admissible representation with
a non-zero λ ∈ (V ∗)H such that Tλ(V ) ⊂ C∞0 (G/H). The quotient
V/Ker(Tλ) is finitely generated, hence is of finite length by [C, 6.3.10].
Apply Lemma 1.7 to obtain a quotient (π, V ) of V/Ker(Tλ), hence of V ,
which is isomorphic to an ω-subrepresentation of V/Ker(Tλ) for some ω.
Then (π, V ) is regarded as a subrepresentation of C∞0,ω(G/H) through
V/Ker(Tλ) ≃ Tλ(V ) ⊂ C∞0 (G/H). Let ℜ(ω) be the quasi-character of
Z defined by
ℜ(ω)(z) =
(
ω(z)ω(z)
)1/2
for z ∈ Z. This belongs to X (Z/Z ∩ H,R×>0) and ℑ(ω) := ωℜ(ω)
−1
is unitary. Now, take the element χ ∈ X (G/H,R×>0) such that χ|Z =
ℜ(ω)−1 by Lemma 1.10 (2) and consider the representation χ · π on V
defined by
(χ · π) (g) = χ(g)π(g)
for g ∈ G. It is regarded as a subrepresentation of C∞0,ℑ(ω)(G/H), which
is pre-unitary by 1.8. Thus (χ · π, V ) is decomposed into a direct sum
of finitely many irreducible subrepresentations (see [C, 2.1.14]). The
decomposition for the action χ · π also yields that for the action π,
hence the claim follows. 
2. σ-split parabolic subgroups
In this section, we shall prepare basic notation and properties con-
cerning with tori, roots and parabolic subgroups associated to p-adic
symmetric spaces.
2.1. An F -split torus S in G is said to be (σ, F )-split if σ(s) = s−1 for
all s ∈ S. Take a maximal (σ, F )-split torus S0 of G and a maximal
F -split torus A∅ ofG containing S0. Then A∅ is σ-stable by [HW, 4.5].
Put M0 = ZG(S0) and M∅ = ZG(A∅). Clearly these are also σ-stable.
Let X∗F (A∅) be the free Z-module of all F -rational characters of A∅
on which σ acts naturally. Let Φ = Φ(G,A∅) be the root system of
(G,A∅). Then σ leaves Φ stable. Set
Φσ = {α ∈ Φ | σ(α) = α }.
This is a closed subsystem of Φ. As in [HH, 1.6], we choose a σ-
basis ∆ (and the corresponding set Φ+ of positive roots) of Φ so that
σ(α) /∈ Φ+ for all α ∈ Φ+ \ Φσ. Put ∆σ = ∆ ∩ Φσ. This gives a
basis of the subsystem Φσ. Let w∆σ be the longest element of the Weyl
group of Φσ with respect to the basis ∆σ. As in [HH, 1.7], let σ
∗ be
the involution on X∗F (A∅) given by σ
∗ = −σ ◦ w∆σ . It is known that
σ∗ leaves ∆ stable.
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2.2. Let S0 ⊂ A∅ and ∆ be as above. Let P∅ (⊃ A∅) be the min-
imal parabolic F -subgroup of G corresponding to ∆. In this paper,
parabolic F -subgroups containing such P∅ are said to be standard with
respect to (S0,A∅,∆). They correspond to subsets of ∆. Let us fix
the notation. For a subset I ⊂ ∆, let PI be the standard parabolic
F -subgroup of G corresponding to I with the unipotent radical UI .
Let AI denote the identity component of the intersection of all the ker-
nels of α : A∅ → Gm, α ∈ I, and set MI = ZG(AI). We have a Levi
decomposition PI =MI ⋉UI . The torus AI is the F -split component
of MI . Let P
−
I be the unique parabolic F -subgroup of G such that
PI ∩ P
−
I = MI and U
−
I the unipotent radical of P
−
I . Later we shall
drop the subscript I if there is no fear of confusion.
2.3. A parabolic F -subgroup P ofG is said to be σ-split if P and σ(P)
are opposite. In such a case, P ∩ σ(P) gives a σ-stable Levi subgroup
of P. Let us fix S0, A∅ and ∆ as above. If PI is σ-split for a subset
I ⊂ ∆, then we must have σ(PI) = P
−
I , that is, PI ∩ σ(PI) = MI
(see [HW, 4.6]). Hence we also have σ(UI) = U
−
I . Further, recall from
[HH, 2.6] that PI is σ-split if and only if ∆σ ⊂ I and the subsystem
ΦI of Φ generated by I is σ-stable. There is an alternative description
for PI to be σ-split as follows: If I contains ∆σ, then w∆σ leaves ΦI
stable so that
ΦI is σ-stable ⇐⇒ ΦI is σ
∗ (= −σ ◦ w∆σ)-stable
⇐⇒ I is σ∗-stable
(since σ∗(∆) = ∆ and ∆ ∩ ΦI = I).
We say that a subset of ∆ is σ-split if it contains ∆σ and is σ
∗-stable.
Thus PI is σ-split if and only if I is a σ-split subset of ∆.
Note that every σ-split parabolic F -subgroup arises as a standard
σ-split one for a suitable choice of S0, A∅ and ∆. See [HW, 4.6, 4.7]
and also Lemma 2.5 (1) below.
2.4. The subset I = ∆σ is a minimal σ-split subset of ∆. The cor-
responding parabolic F -subgroup P∆σ is denoted by P0. This is a
minimal σ-split parabolic F -subgroup of G and the σ-stable Levi sub-
groupM∆σ = P0∩σ(P0) coincides withM0 = ZG(S0) (see [HW, 4.7]).
Put P−0 = P
−
∆σ
, U0 = U∆σ and U
−
0 = U
−
∆σ
.
2.5. Lemma. Let us fix S0, A∅ and ∆ as above.
(1) Any σ-split parabolic F -subgroup of G is of the form γ−1PIγ for
some σ-split subset I ⊂ ∆ and γ ∈ (M0H) (F ).
(2) If (M0H) (F ) = M0H, then any σ-split parabolic F -subgroup of
G is H-conjugate to a standard σ-split one.
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Proof. (2) follows directly from (1). For (1), let P ⊂ G be any σ-split
parabolic F -subgroup. As in [HW, 4.9, 4.11], we can take an element
γ ∈ (P∅H)(F ) such that γPγ
−1 contains P∅ and is σ-split. It is enough
to see that p−1γ ∈ (M0H)(F ) for some p ∈ P0. Since P∅H = P0H by
[HW, 4.8], we have
x := γσ(γ)−1 ∈ (U0M0U
−
0 )(F ) = U0M0U
−
0 .
Express x as x = u0m0u
−
0 with u0 ∈ U0, m0 ∈M0 and u
−
0 ∈ U
−
0 . Since
x = σ(x)−1, we have
u0m0u
−
0 = σ(u
−
0 )
−1σ(m0)
−1σ(u0)
−1.
By the uniqueness of the expression of elements of U0M0U
−
0 , we must
have
m0 = σ(m0)
−1, u−0 = σ(uo)
−1.
Now it is seen that
u−10 γσ(u
−1
0 γ)
−1 = u−10 xσ(u0) = u
−1
0 x(u
−
0 )
−1 = m0 ∈M0.
This shows that u−10 γ ∈ (M0H)(F ). 
2.6. For each α ∈ ∆\∆σ, we put Iα = ∆\{α, σ∗(α)}. (It may happen
that α = σ∗(α).) This is a maximal proper σ-split subset of ∆. Hence
all the maximal σ-split parabolic F -subgroups of G are of the form
γ−1PIαγ for some α ∈ ∆ \∆σ and γ ∈ (M0H)(F ).
2.7. For a σ-split subset I ⊂ ∆, the identity component of AI ∩S0 is
denoted by SI . We shall call SI the (σ, F )-split component of MI (or
of PI). Note that the (σ, F )-split component S∆σ of the minimal σ-
split parabolic F -subgroup P∆σ = P0 coincides with S0, the maximal
(σ, F )-split torus we choose.
For a positive real number ε ≦ 1, set
A−I (ε) = { a ∈ AI
∣∣ |aα|F ≦ ε (α ∈ ∆ \ I)}
and
S−I (ε) = SI ∩A
−
I (ε) = { s ∈ SI
∣∣ |sα|F ≦ ε (α ∈ ∆ \ I)}.
Also put
S+I (ε) = { s ∈ SI
∣∣ s−1 ∈ S−I (ε) }
= { s ∈ SI
∣∣ |sα|F ≧ ε (α ∈ ∆ \ I)}.
Since S−I (ε) ⊂ A
−
I (ε), the following lemma is apparent (see [C, 1.4.3]).
2.8. Lemma. Let I ⊂ ∆ be a σ-split subset. For any two open compact
subgroups U1, U2 of UI , there exists a positive real number ε ≦ 1 such
that sU1s
−1 ⊂ U2 for all s ∈ S
−
I (ε).
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Next we shall give a lemma on the modulus character of σ-split
parabolic subgroups.
2.9. Lemma. Let P =M⋉U be a σ-split parabolic F -subgroup of G.
Then the modulus character δP of P is trivial on M ∩H.
Proof. Let A be the F -split component of M. Since δP is positive real
valued, it is determined by the values on A according to Lemma 1.10
(1). It is enough to show that δP is trivial on A ∩H by (2) of Lemma
1.10. We may suppose that P = PI for a σ-split subset I ⊂ ∆. Then
we have
δP (a) =
∏
α∈Φ+\ΦI
|aα|mαF (a ∈ A)
where mα denotes the dimension of the root space attached to α ∈ Φ.
Note that mα = mσ(α) since σ maps the root space attached to α
isomorphically onto the one attached to σ(α). If further a ∈ A ∩ H ,
we have
δ2(a) = δ(a)δ(σ(a)) =
∏
α∈Φ+\ΦI
|aα|mαF
∏
α∈Φ+\ΦI
∣∣aσ(α)∣∣mα
F
=
∏
α∈Φ+\ΦI
|aα|mαF
∏
α∈Φ+\ΦI
∣∣aσ(α)∣∣mσ(α)
F
=
∏
α∈Φ+\ΦI
|aα|mαF
∏
β∈Φ+\ΦI
∣∣a−β∣∣mβ
F
= 1
and the claim follows. 
3. The analogue of Cartan decomposition
We shall recall from [BO] and [DS] a certain decomposition theorem
related to p-adic symmetric spaces and give a variant of it for our later
use. It will play an important role in the study of the support of H-
matrix coefficients.
3.1. Let us fix a triple (S0,A∅,∆) as in 2.1. For simplicity, put S
+
0 =
S+∆σ(1) so that
S+0 = { s ∈ S0(F )
∣∣ |sα|F ≧ 1 (α ∈ ∆ \∆σ)}.
Let {S(j)0 }j∈J be a set of representatives for H-conjugacy classes of
maximal (σ, F )-split tori of G. In this case, the index set J is finite by
[HH, 2.12]. For each j ∈ J , there exists an element yj ∈ (M∅H) (F )
such that y−1j S0yj = S
(j)
0 by [HW, 10.3]. Set
WG(S
(j)
0 ) = NG(S
(j)
0 )/ZG(S
(j)
0 )
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and
WH(S
(j)
0 ) = NH(S
(j)
0 )/ZH(S
(j)
0 ).
NaturallyWH(S
(j)
0 ) is regarded as a subgroup of the finite (Weyl) group
WG(S
(j)
0 ). Let Nj ⊂ NG(S
(j)
0 ) be a complete set of representatives of
WG(S
(j)
0 )/WH(S
(j)
0 ) in NG(S
(j)
0 ).
3.2. Theorem ([DS, Theorem 3.10]). There exists a compact subset Ω
of G such that
G =
⋃
j∈J
⋃
n∈Nj
ΩS+0 yjnH.
An essentially equivalent assertion is given also in [BO, Theorem 1.1].
3.3. Now for each j ∈ J , we have
NG(S
(j)
0 ) = NG(y
−1
j S0yj) = y
−1
j NG(S0)yj.
Put
N ′j = {yjny
−1
j |n ∈ Nj}.
We have N ′j ⊂ NG(S0) for all j ∈ J . The above decomposition is
written as
G =
⋃
j∈J
⋃
n∈N ′j
ΩS+0 nyjH.
Furthermore, we have nσ(n)−1 ∈ M0(F ) for any n ∈ NG(S0) since
nσ(n)−1 centralizes S0. Consequently, for any n ∈ NG(S0) and y ∈
(M0H) (F ), we have
nyσ(ny)−1 = n(yσ(y)−1)σ(n)−1
= n(yσ(y)−1)n−1 · nσ(n)−1 ∈M0.
This means that ny ∈ (M0H) (F ). As a result, we have a variant of
Theorem 3.2 in the following form.
3.4. Corollary. There exists a compact subset Ω of G and a finite
subset Γ of (M0H) (F ) such that
G = ΩS+0 ΓH.
4. Preliminaries on open compact subgroups
For a later use on the study of invariant linear forms on Jacquet mod-
ules, we shall construct a particular family of open compact subgroups
adapted to the involution.
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4.1. In this section, all parabolic F -subgroups are standard ones with
respect to some fixed data (S0,A∅,∆) as in 2.3, but the subscripts I
(⊂ ∆) will be omitted. For a parabolic F -subgroup P =M⋉U of G
and an open compact subgroup K of G, we set
UK = U ∩K, MK =M ∩K, U
−
K = U
− ∩K.
Note that σ(MK) = MK and σ(UK) = U
−
K if K is σ-stable and P is
σ-split.
4.2. For each choice of a maximal F -split torus A∅ and a basis ∆ of
the root system of (G,A∅), there is a decreasing sequence {K
′
n}n≧0 of
open compact subgroups of G satisfying the following properties as in
[C, 1.4.4]:
(1) It gives a fundamental system of open neighborhoods of the
identity e in G.
(2) For each n ≧ 1, the subgroup K ′n is normal in K
′
0 and the
quotient K ′n/K
′
n+1 is a finite abelian p-group where p denotes
the residual characteristic of F .
(3) For each K ′ = K ′n (n ≧ 1) and each standard parabolic F -
subgroup P = M ⋉ U of G (corresponding to (A∅,∆)) with
the F -split component A, the product map
U−K ′ ×MK ′ × UK ′ → K
′
is bijective and
a · UK ′ · a
−1 ⊂ UK ′, a
−1 · U−K ′ · a ⊂ U
−
K ′
for all a ∈ A−(1).
(4) For each standard parabolic subgroup P = M ⋉ U of G, the
family {M∩K ′n}n≧0 enjoys the same properties as (1)–(3) above
for the group M .
Here the latter half of (2) is not apparent in [C, 1.4.4]. However, in
the F -split case, the argument in [G, 2.2.11] shows that each quotient
K ′n/K
′
n+1 is isomorphic to the additive group of a Lie algebra over the
residue field of F . The general case is reduced to the F -split case as in
[C, 1.4.4].
4.3. Lemma. Fix a data (S0,A∅,∆) as in 2.1 and let {K
′
n}n≧0 be as
above. Put Kn = K
′
n∩σ(K
′
n) for each n. Then the family {Kn}n≧0 is a
decreasing sequence of σ-stable open compact subgroups of G satisfying
the following properties:
(1) It gives a fundamental system of open neighborhoods of the iden-
tity e in G.
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(2) For each n ≧ 1, the subgroup Kn is normal in K0 and the
quotient Kn/Kn+1 is a finite abelian p-group.
(3) For each K = Kn (n ≧ 1) and each σ-split parabolic subgroup
P = M ⋉U of G (standard with respect to (S0,A∅,∆)) with
the (σ, F )-split component S, the product map
U−K ×MK × UK → K
is bijective and
s · UK · s
−1 ⊂ UK , s
−1 · U−K · s ⊂ U
−
K
for all s ∈ S−(1).
(4) For each σ-split parabolic subgroup P =M⋉U of G standard
with respect to (S0,A∅,∆), the family {M ∩Kn}n≧0 enjoys the
same properties as (1)–(3) above for the group M .
Proof. These are derived directly from the corresponding properties of
K ′n in 4.2. First, note that k belongs to Kn if and only if both k and
σ(k) belong to K ′n. Now, (1) is obvious. For (2), take any k1, k2 ∈ Kn
and consider their commutator. By 4.2 (2), we have k1k2k
−1
1 k
−1
2 ∈ K
′
n+1
and
σ(k1)σ(k2)σ(k1)
−1σ(k2)
−1 = σ(k1k2k
−1
1 k
−1
2 ) ∈ K
′
n+1,
hence k1k2k
−1
1 k
−1
2 ∈ Kn+1. For (3), it is sufficient to show the sur-
jectivity of the product map. Given k ∈ K = Kn, decompose k and
σ(k)−1 ∈ K ′ = K ′n as
k = u−1m1u1, σ(k)
−1 = u−2m2u2
where u−i ∈ U
−
K ′, mi ∈ MK ′, ui ∈ UK ′ (i = 1, 2) by 4.2 (3). Then we
have
σ(u2)u
−
1 = σ(m2)
−1σ(u−2 )
−1u−11 m
−1
1 ∈ U
− ∩ P = {e},
which shows that u−1 = σ(u2)
−1 and in turn, m1 = σ(m2)
−1, u1 =
σ(u−2 )
−1. Now we have
u−1 = σ(u2)
−1 ∈
(
U− ∩K ′
)
∩ (σ(U) ∩ σ(K ′)) = U− ∩K
and similarly m1 ∈ M ∩ K, u1 ∈ U ∩ K. Finally, (4) follows once
(1)–(3) are verified. 
We say that a family {Kn}n≧0 of σ-stable open compact subgroups
of G is adapted to (S0,A∅,∆) if it satisfies the above properties (1)–(4).
By the bijectivity of the product map of (3), any element k ∈ K = Kn
can be written uniquely as
k = u− ·m · u+, u− ∈ U−K , m ∈MK , u
+ ∈ UK .
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Such an expression is called the Iwahori factorization with respect to
P .
4.4. Let p be an odd prime and C a finite abelian p-group. The
homomorphism a 7→ a2 of C into itself is bijective. The inverse map is
denoted by a 7→ a1/2. Let σ be an involution on C. If a ∈ C satisfies
the condition σ(a)−1 = a, then b = a1/2 is an element of C such that
a = bσ(b)−1.
4.5. Lemma. Let p be an odd prime, K a totally disconnected compact
group and σ an involution on K. Suppose that K has a decreasing
sequence
K = K1 ⊃ K2 ⊃ K3 ⊃ · · · ⊃ Kn ⊃ · · ·
of σ-stable open normal subgroups such that
(i) Kn/Kn+1 is a finite abelian p-group for each n ≧ 1,
and
(ii)
⋂
n≧1Kn = {e}.
Then, for any k ∈ K satisfying the condition σ(k)−1 = k, there exists
an element k′ ∈ K such that k = k′σ(k′)−1.
Proof. Our discussion below is similar to that of [PR, Theorem 6.8].
Look at the involution on the quotient K1/K2 induced by σ. If a given
k ∈ K = K1 satisfies σ(k)−1 = k, then by 4.4, there exists an element
y1 ∈ K1 such that
y1σ(y1)
−1 ≡ k mod K2.
Set k2 = y
−1
1 kσ(y1). It is an element of K2 and satisfies
σ(k2)
−1 = y−11 σ(k)
−1σ(y1) = y
−1
1 kσ(y1) = k2.
Looking at the involution on K2/K3 induced by σ, there exists an
element y2 ∈ K2 such that
y2σ(y2)
−1 ≡ k2 mod K3.
Set k3 = y
−1
2 k2σ(y2) ∈ K3. We have σ(k3)
−1 = k3. In this way, we can
take kn+1, yn+1 ∈ Kn+1 from kn, yn ∈ Kn by the rules
kn+1 = y
−1
n knσ(yn), yn+1σ(yn+1)
−1 ≡ kn+1 mod Kn+2.
Consider the sequence {zn} in K defined by zn = y1y2 · · · yn. It has a
subsequence {znν} which converges to an element, say k
′, of K. Note
that
kn+1 = y
−1
n · · · y
−1
1 kσ(y1) · · ·σ(yn) = z
−1
n kσ(zn) ∈ Kn+1.
Thus
(k′)−1kσ(k′) ∈
⋂
ν
Knν+1 = {e},
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which shows the claim. 
4.6. Lemma. Let P =M⋉U be a σ-split parabolic F -subgroup which
is standard with respect to (S0,A∅,∆) and K = Kn (n ≧ 1) a σ-
stable open compact subgroup of G from the family {Kn} adapted to
(S0,A∅,∆). Then,
UK ⊂ HMKU
−
K .
Proof. For a given u ∈ UK , consider the element k := u
−1σ(u) ∈ K.
By using the Iwahori factorization with respect to P , express k as
k = u− ·m · u+, u− ∈ U−K , m ∈MK , u
+ ∈ UK .
Since σ(k)−1 = k, we have
σ(u+)−1 · σ(m)−1 · σ(u−)−1 = u− ·m · u+
so that u+ = σ(u−)−1 and σ(m)−1 = m. Here note that the group MK
satisfies the assumption of Lemma 4.5. Thus we can take an element
m′ ∈MK such that m = m′σ(m′)−1. As a result, we have
u−1σ(u) = k = u− ·m′σ(m′)−1 · σ(u−)−1 = u−m′σ(u−m′)−1.
This shows that uu−m′ ∈ H , hence u ∈ HMKU
−
K . 
5. Invariant linear forms on Jacquet modules
For a given H-invariant linear form λ on an H-distinguished rep-
resentation, we shall construct a canonical linear form rP (λ) on the
Jacquet module along each σ-split parabolic F -subgroup P by using
Casselman’s canonical lifting. It turns out that rP (λ) is M ∩ H-
invariant where M = P ∩ σ(P ). We have a useful relation between
(H, λ)-matrix coefficients and (M ∩ H, rP (λ))-matrix coefficients on
the (σ, F )-split component of P.
5.1. From now on, we say briefly that P is a σ-split parabolic subgroup
of G if it is the group of F -points of a σ-split parabolic F -subgroup P
of G. Also we say that S is the (σ, F )-split component of P if it is the
group of F -points of the (σ, F )-split component S = SI of P = PI , and
so on. As a Levi subgroup of a σ-split parabolic subgroup, we always
take the σ-stable one as in 2.3.
Let (π, V ) be an admissible representation of G and P = M⋉U a σ-
split parabolic subgroup with the (σ, F )-split component S. We regard
P as a standard one with respect to a suitable choice of (S0,A∅,∆).
Let (πP , VP ) denote the normalized Jacquet module of (π, V ) along P :
The space VP is given as the quotient V/V (U) where V (U) denotes
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the subspace of V spanned by all the elements of the form π(u)v − v,
v ∈ V , u ∈ U . The action πP of M on VP is normalized so that
πP (m)jP (v) = δ
−1/2
P (m)jP (π(m)v)
for m ∈ M and v ∈ V . Here jP : V → VP denotes the canonical
projection and δP the modulus of P .
5.2. Let us recall the construction of Casselman’s canonical lifting.
For a compact subgroup K of G, let V K be the subspace of V of all
K-fixed vectors and PK : V → V
K the projection operator given by
PK(v) =
1
vol(K)
∫
K
π(k)vdk (v ∈ V ).
For a compact subgroup U1 of U , set
V (U1) =
{
v ∈ V
∣∣∣∣∣
∫
U1
π(u)vdu = 0
}
.
It is known that V (U) is the union of all V (U1) where U1 ranges over
all compact subgroups of U . Now, for a given v ∈ VP , take an open
compact subgroup K = Kn from the family adapted to (S0,A∅,∆)
such that v ∈ (VP )MK . Next choose an open compact subgroup U1 of
U with V K ∩ V (U) ⊂ V (U1). Finally we take a positive real number
ε ≦ 1 such that sU1s
−1 ⊂ UK for all s ∈ S−(ε) by Lemma 2.8. Since
S−(ε) is contained in A−(ε), we may replace A−(ε) in the argument of
[C, §4] by S−(ε). We have an isomorphism
PK
(
π(s)V K
) ≃
−→ (VP )
MK
by the restriction of the canonical projection jP : V → VP as in [C,
4.1.4]. The element v ∈ PK
(
π(s)V K
)
satisfying jP (v) = v is called the
canonical lift of v ∈ VP with respect to K. It depends on the choice of
K, but not on U0 and ε. If v
′ is another canonical lift of v with respect
to K ′ ⊂ K, then we have
v′ ∈ V MKU
−
K , v = PK(v
′) = PUK (v
′)
by [C, 4.1.8].
5.3. Proposition. Let λ be an H-invariant linear form on an admissi-
ble representation (π, V ) of G and P a σ-split parabolic subgroup stan-
dard with respect to (S0,A∅,∆).
(1) For K = Kn (n ≧ 1) in the family {Kn} adapted to (S0,A∅,∆)
and v ∈ V MKU
−
K , one has
〈 λ , v 〉 = 〈 λ , PUK (v) 〉.
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(2) For two canonical lifts v, v′ ∈ V of a given v ∈ VP , one has
〈 λ , v 〉 = 〈 λ , v′ 〉.
Proof. (1) Let U1 be an open compact subgroup of UK which fixes v.
Then we have
〈 λ , PUK (v) 〉 = 〈 λ ,
1
vol(UK)
∫
UK
π(u)vdu 〉
= 〈 λ ,
vol(U1)
vol(UK)
∑
ui∈UK/U1
π(ui)v 〉.
Let us express each ui ∈ UK as ui = himiu
−
i where hi ∈ H , mi ∈ MK
and u−i ∈ U
−
K by Lemma 4.6. Then this is equal to
〈 λ ,
vol(U1)
vol(UK)
∑
i
π(himiu
−
i )v 〉 = 〈 λ , v 〉
since λ is H-invariant and v ∈ V MKU
−
K .
(2) Assume that v (resp. v′) is the canonical lift of v ∈ VP with
respect to K (resp. K ′). It is enough to consider the case where
K ′ ⊂ K. By the remark preceding this proposition, we have
v′ ∈ V MKU
−
K , v = PUK (v
′).
It follows from (1) that
〈 λ , v 〉 = 〈 λ , PUK (v
′) 〉 = 〈 λ , v′ 〉.

5.4. After the above proposition, we can define a linear form rP (λ)
on the Jacquet module VP along a σ-split parabolic subgroup P by
〈rP (λ), v〉 = 〈λ, v〉
where v ∈ V is a canonical lift of v ∈ VP .
5.5. Proposition. Let λ be an H-invariant linear form on an admis-
sible representation (π, V ) of G and P = M ⋉ U a σ-split parabolic
subgroup of G with the (σ, F )-split component S.
(1) For each v ∈ V , there exists a positive real number ε ≦ 1 such
that
〈λ, π(s)v〉 = δ1/2P (s)〈rP (λ), πP (s)jP (v)〉
for any s ∈ S−(ε).
(2) Assume that λ is a linear form on VP having the following prop-
erty: For each v ∈ V , there exists a positive real number ε ≦ 1 such
that
〈λ, π(s)v〉 = δP (s)
1/2〈λ, πP (s)jP (v)〉
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for any s ∈ S−(ε). Then λ coincides with rP (λ).
Proof. (1) For a given v ∈ V , choose an open compact subgroup K =
Kn from the adapted family such that v ∈ V K . Take an open compact
subgroup U1 of UK with V
K ∩ V (U) ⊂ V (U1). Let ε ≦ 1 be a positive
real number such that sU1s
−1 is contained in UK for all s ∈ S−(ε).
Then, by the Iwahori factorization with respect to P , we have π(s)v ∈
V MKU
−
K so that
jP (π(s)v) = jP (PUK (π(s)v)) = jP (PK(π(s)v))
for all s ∈ S−(ε). On the other hand, since jP (v) ∈ (VP )MK and s is
central in M , we have πP (s)jP (v) ∈ (VP )MK so that
jP (π(s)v) = δ
1/2
P (s)πP (s)jP (v) ∈ (VP )
MK .
These relations show that PK(π(s)v) = PUK (π(s)v) is a canonical lift
of δ
1/2
P (s)πP (s)jP (v). Thus, by definition we have
〈rP (λ), δP (s)
1/2πP (s)jP (v)〉 = 〈λ,PUK (π(s)v)〉
and the right hand side is equal to 〈λ, π(s)v〉 by Lemma 5.3 (1).
(2) Take an open compact subgroup K = Kn from the adapted
family. Let ε be a positive real number such that
〈λ, π(s)v〉 = δP (s)
1/2〈λ, πP (s)jP (v)〉
for all s ∈ S−(ε) and all v ∈ V K . This is possible since V K is finite
dimensional. We may choose this ε so that the space PK(π(s)V K) is
independent of s ∈ S−(ε) by [C, 4.1.6]. Since π(s)v ∈ V MKU
−
K , we have
〈λ, π(s)v〉 = 〈λ,PUK(π(s)v)〉 = 〈λ,PK(π(s)v)〉
for all s ∈ S−(ε). On the other hand, PK(π(s)v) is a canonical lift of
δ
1/2
P (s)πP (s)jP (v) again, so we have
〈λ,PK(π(s)v)〉 = δ
1/2
P (s)〈rP (λ), πP (s)jP (v)〉.
As a result, we have
〈λ, πP (s)jP (v)〉 = 〈rP (λ), πP (s)jP (v)〉
for any s ∈ S−(ε). Since jP (V K) = (VP )MK (see [C, 3.3.3]), this shows
that λ = rP (λ) on (VP )
MK . Letting K vary in the adapted family, we
conclude that λ = rP (λ) on VP . 
5.6. Proposition. Let λ be an H-invariant linear form on an admis-
sible representation (π, V ) of G and P = M ⋉ U a σ-split parabolic
subgroup of G.
(1) The linear form rP (λ) on VP is M ∩H-invariant.
(2) The mapping rP : (V
∗)H → (V ∗P )
M∩H is linear.
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Proof. (1) For a given m ∈ M ∩H , set λ = rP (λ) ◦ πP (m). By (1) of
Proposition 5.5 for the vector π(m)v, we can take 0 < ε ≦ 1 such that
〈λ, π(s)π(m)v〉 = δ1/2P (s)〈rP (λ), πP (s)jP (π(m)v)〉
for all s ∈ S−(ε). Since s is central in M , the left hand side is equal to
〈λ, π(m)π(s)v〉 = 〈λ, π(s)v〉,
while the right hand side is equal to
δ
1/2
P (s)δ
1/2
P (m)〈rP (λ), πP (s)πP (m)jP (v)〉
= δ
1/2
P (s)〈rP (λ), πP (m)πP (s)jP (v)〉 = δ
1/2
P (s)〈λ, πP (s)jP (v)〉
by Lemma 2.9. Thus λ has the property of Proposition 5.5 (2), which
implies that rP (λ) coincides with λ = rP (λ) ◦ πP (m).
(2) For any λ1, λ2 ∈ (V
∗)H and c1, c2 ∈ C, it is easy to see that
c1rP (λ1) + c2rP (λ2) satisfies the unique property that rP (c1λ1 + c2λ2)
must have in Proposition 5.5 (2). 
5.7. The group case. Here we note that the mapping rP in the situation
of 1.5 is the well-known one constructed by Casselman. Let G be the
group G1 × G1 with the involution σ which permutes factors. Then
σ-split parabolic subgroups are those of the form P1 × P
−
1 where P1
and P−1 are mutually opposite parabolic subgroups of G1. Set M1 =
P1 ∩ P
−
1 . For an irreducible ∆G1-distinguished representation π1 ⊗ π˜1
of G1 ×G1, let λ be the ∆G1-invariant linear form on π1 ⊗ π˜1 defined
by the canonical pairing of π1 and π˜1 as in 1.5. Then rP1×P−1 (λ) is an
(M1×M1)∩∆G1 = ∆M1-invariant linear form on the Jacquet module
(π1 ⊗ π˜1)P1×P−1 ≃ (π1)P1 ⊗ (π˜1)P−1 . It is exactly the one given by the
pairing of the Jacquet modules (π1)P1 and (π˜1)P−1 constructed in [C,
4.2.2].
5.8. We study the transitivity of the mappings rP with respect to the
inclusion of σ-split parabolic subgroups.
Let P = M ⋉ U be a σ-split parabolic subgroup of G. It is obvious
that σ-split parabolic subgroups of M are of the form M ∩ Q where
Q is a σ-split parabolic subgroup of G contained in P . Let L be the
σ-stable Levi subgroup of Q. It is also the σ-stable Levi subgroup of
M∩Q. As is well-known, (VP )M∩Q is isomorphic to VQ as an L-module.
Fix an isomorphism and identify (VP )M∩Q with VQ from now on. There
are induced mappings
rP : (V
∗)H → (V ∗P )
M∩H , rM∩Q : (V
∗
P )
M∩H →
(
(VP )
∗
M∩Q
)L∩H
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and
rQ : (V
∗)H →
(
V ∗Q
)L∩H
=
(
(VP )
∗
M∩Q
)L∩H
of invariant linear forms.
5.9. Proposition. For P and Q as above, one has
rM∩Q ◦ rP = rQ.
In other words, the diagram
(V ∗)H
rP−−−→ (V ∗P )
M∩H
rQ
y yrM∩Q(
V ∗Q
)L∩H (
(VP )
∗
M∩Q
)L∩H
is commutative.
Proof. Let λ be an element of (V ∗)H . We put λ = rM∩Q (rP (λ)). It
is regarded as an L ∩ H-invariant linear form on VQ. Let SL be the
(σ, F )-split component of Q. By Proposition 5.5 (1), we can choose a
positive real number ε ≦ 1 for each v ∈ V such that both
〈λ, π(s)v〉 = δ1/2P (s)〈rP (λ), πP (s)jP (v)〉
and
〈rP (λ), πP (s)jP (v)〉
= δ
1/2
M∩Q(s)〈rM∩Q (rP (λ)) , πM∩Q(s)jM∩Q (jP (v))〉
hold for any s ∈ S−L (ε). Identifying jM∩Q (jP (v)) with jQ(v), we have
〈λ, π(s)v〉 = δ1/2P (s)δ
1/2
M∩Q(s)〈λ, πQ(s)jQ(v)〉
= δ
1/2
Q (s)〈λ, πQ(s)jQ(v)〉
for all s ∈ S−L (ε). This means that λ satisfies the unique property that
rQ(λ) must have in (2) of Proposition 5.5. 
6. Characterization of relative cuspidality
We shall give a characterization of relative cuspidality in terms of
Jacquet modules along σ-split parabolic subgroups.
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6.1. Let (π, V ) be an H-distinguished admissible representation of G.
For a given non-zero H-invariant linear form λ ∈ (V ∗)H on V , we have
defined the (H, λ)-matrix coefficient ϕλ,v (v ∈ V ) by
ϕλ,v(g) = 〈λ, π(g
−1)v〉.
Recall that (π, V ) is said to be (H, λ)-relatively cuspidal if the support
of ϕλ,v is compact modulo ZH for all v ∈ V .
Let Z−σ denote the (σ, F )-split component of Z. We have an almost
direct product decomposition Z = Z−σ · (Z ∩ H). This implies that
Z/Z−σ (Z ∩H) is finite. Hence (π, V ) is (H, λ)-relatively cuspidal if and
only if the support of ϕλ,v is compact modulo Z
−
σ H for all v ∈ V .
A large part of this section is devoted to the proof of the following
theorem.
6.2. Theorem. Let (π, V ) be an H-distinguished admissible represen-
tation of G and λ a non-zero H-invariant linear form on V . Then,
(π, V ) is (H, λ)-relatively cuspidal if and only if rP (λ) = 0 for any
proper σ-split parabolic subgroup P of G.
First we shall prove the only if part. The proof of the if part will be
given in 6.8 after several preparatory lemmas.
6.3. Proof of the only if part. Let P = M ⋉ U be a proper σ-split
parabolic subgroup of G with the (σ, F )-split component S. We regard
P as a standard one PI with respect to a suitable choice of (S0,A∅,∆)
and a σ-split subset I ⊂ ∆ as in 2.3. Assume that (π, V ) is (H, λ)-
relatively cuspidal. Let K = Kn be any member of the family {Kn}
of 4.3 adapted to (S0,A∅,∆). Since V
K is finite dimensional, we can
take a compact subset C of G so that the support of ϕλ,v is contained
in Z−σ CH for all v ∈ V
K . Here let us observe that Z−σ CH ∩ S
+(1) is
contained in some subset of S+(1) which is compact modulo Z−σ : For
a given s ∈ Z−σ CH ∩ S
+(1), write s = zch with z ∈ Z−σ , c ∈ C and
h ∈ H . Since h = c−1z−1s is fixed by σ, we have
σ(c)−1zs−1 = c−1z−1s,
thus
(z−1s)2 = cσ(c)−1.
This shows that (z−1s)2, hence also z−1s, stays in a compact subset of
S+(1). Now we may choose a positive real number ε < 1 such that
Z−σ CH ∩ S
+(1) ⊂
{
s ∈ S
∣∣ 1 ≦ |sα|F < ε−1 (α ∈ ∆ \ I)} .
Since s ∈ S−(ε) implies that s−1 /∈ Z−σ CH ∩ S
+(1), we have
〈λ, π(s)v〉 = ϕλ,v(s
−1) = 0
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for all s ∈ S−(ε) and v ∈ V K . On the other hand, by (1) of Proposition
5.5, we may choose ε′ such that the relation
〈λ, π(s)v〉 = δP (s)
1/2〈rP (λ), πP (s)jP (v)〉
holds for any s ∈ S−(ε′) and v ∈ V K . Putting ε′′ = min(ε, ε′), we have
〈rP (λ), πP (s)jP (v)〉 = 0
for all s ∈ S−(ε′′) and v ∈ V K . This shows that rP (λ) vanishes on
jP
(
V K
)
= (VP )
MK . Letting K vary in the adapted family {Kn}, we
conclude that rP (λ) = 0 on VP . 
6.4. Now we turn to the converse direction. Let λ be a non-zero H-
invariant linear form on an H-distinguished admissible representation
(π, V ) of G. Assuming that rP (λ) = 0 for proper σ-split parabolic
subgroups P of G, we shall investigate the support of (H, λ)-matrix
coefficients of π. First we observe a relation between rP and rQ when
P and Q are conjugate.
6.5. Fix a data (S0,A∅,∆) as in 2.1 and let P0 = M0 ⋉ U0 be the
corresponding minimal σ-split parabolic F -subgroup as in 2.4. For an
element γ ∈ (M0H)(F ), we put mγ = γσ(γ)
−1 ∈ M0. Define the
F -involution σγ on G by
σγ(g) = mγσ(g)m
−1
γ = γσ(γ
−1gγ)γ−1.
The σγ-fixed point subgroup in G coincides with γHγ
−1, which is
denoted by Hγ. Note that S0 is also a maximal (σγ , F )-split torus.
Moreover, any σ-split parabolic subgroup P standard with respect to
(S0,A∅,∆) is also σγ-split. The (σ, F )-split component and the (σγ , F )-
split component coincide for such a parabolic subgroup P. Now we can
define the mapping
(6.5.1) rP : (V
∗)Hγ → (V ∗P )
M∩Hγ
for an Hγ-distinguished representation (π, V ) by changing σ to σγ and
H to Hγ.
On the other hand, for γ and P as above, put Q = γ−1Pγ. It is
σ-split, but possibly non-standard. If S denotes the (σ, F )-split com-
ponent of P, then the conjugate γ−1Sγ gives that of Q. We can define
the mapping
(6.5.2) rQ : (V
∗)H → (V ∗Q)
γ−1Mγ∩H
for an H-distinguished representation (π, V ). Two mappings (6.5.1)
and (6.5.2) are related by the isomorphism π∗(γ) : (V ∗)H → (V ∗)Hγ as
follows.
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6.6. Lemma. For γ, P and Q as above, the relation
〈rP (π
∗(γ)λ) , jP (v)〉 = 〈rQ(λ), jQ(π(γ
−1)v)〉
holds for every λ ∈ (V ∗)H and v ∈ V .
Proof. The mapping π(γ−1) : V → V sends V (U) isomorphically onto
V (γ−1Uγ), hence induces an isomorphism
π(γ−1) : VP = V/V (U)→ V/V (γ
−1Uγ) = VQ
with the relation
π(γ−1) (jP (v)) = jQ
(
π(γ−1)v
)
.
Under this notation, the right hand side of the lemma is written as
〈rQ(λ), π(γ−1) (jP (v))〉. Set λ = rQ(λ) ◦ π(γ−1). We show that λ
satisfies the unique property in (2) of Proposition 5.5 that rP (π
∗(γ)λ)
must have. For s in the (σ, F )-split component S of P , we have
δ
1/2
P (s)〈λ, πP (s)jP (v)〉 = 〈rQ(λ), π(γ
−1)
(
δ
1/2
P (s)πP (s)jP (v)
)
〉
= 〈rQ(λ), π(γ−1) (jP (π(s)v)) = 〈rQ(λ), jQ
(
π(γ−1)π(s)v)
)
〉
= 〈rQ(λ), δ
1/2
Q (γ
−1sγ)πQ(γ
−1sγ)jQ
(
π(γ−1)v)
)
〉.
By Proposition 5.5 (1) applied to Q, there exists a positive real number
ε ≦ 1 such that the last quantity is equal to
〈λ, π(γ−1sγ)π(γ−1)v〉 = 〈π∗(γ)λ, π(s)v〉
for all s ∈ S−(ε). This shows the claim. 
Next we shall see what happens if rP (λ) vanishes for a single P .
6.7. Lemma. Fix a data (S0,A∅,∆) and let I ⊂ ∆ be a σ-split subset,
γ an element of (M0H)(F ) and Ω a compact subset of G. Let λ be
a non-zero H-invariant linear form on an admissible representation
(π, V ) of G. Suppose that rγ−1PIγ(λ) = 0. Then for each v ∈ V ,
there exists a positive real number ε = εI,γ ≦ 1 such that ϕλ,v vanishes
identically on ΩS+I (ε)γH.
Proof. We abbreviate PI and S
−
I (ε) respectively as P and S
−(ε). For
k ∈ Ω, s ∈ S−(ε) and h ∈ H , we have
ϕλ,v(ks
−1γh) = 〈λ, π(γ−1)π(s)π(k−1)v〉 = 〈π∗(γ)λ, π(s)π(k−1)v〉.
Note that π(k−1)v stays in a finite dimensional subspace for any k ∈ Ω.
By applying Proposition 5.5 (1) to the linear form π∗(γ)(λ) ∈ (V ∗)Hγ ,
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we can take a positive real number ε ≦ 1 such that
〈π∗(γ)λ, π(s)π(k−1)v〉 = δ1/2P (s)〈rP (π
∗(γ)λ), πP (s)jP (π(k
−1)v)〉
= 〈rP (π
∗(γ)λ), jP (π(s)π(k
−1)v)〉
for any s ∈ S−(ε) and k ∈ Ω. By Lemma 6.6, the right hand side is
equal to
〈rγ−1Pγ(λ), jγ−1Pγ
(
π(γ−1)π(s)π(k−1)v
)
〉,
which is zero by assumption. 
Now we give the rest of the proof of 6.2.
6.8. Proof of the if part. Recall from Corollary 3.4 that G is decom-
posed as
G = ΩS+0 ΓH
for a suitable compact subset Ω of G and a finite subset Γ of (M0H)(F ).
Assume that rP (λ) = 0 for all proper σ-split parabolic subgroup P .
For a given v ∈ V , let ε be the minimum of εI,γ in Lemma 6.7 where
I runs over all proper σ-split subsets of ∆ and γ runs over Γ. Then,
ϕλ,v|Ωs−1ΓH ≡ 0 if s ∈ S
−
0 (1)∩ S
−
I (ε) for some σ-split subset I ⊂ ∆. In
particular, s ∈ S−0 (1) cannot be in S
−
Iα
(ε) for all α ∈ ∆ \∆σ if ϕλ,v is
not identically zero on Ωs−1ΓH . Here Iα is the maximal σ-split subset
of ∆ as in 2.6. Note that sα = sσ
∗(α) for all s ∈ S0 if α ∈ ∆ \∆σ. As a
result, the support of ϕλ,v is contained in the union of Ωs
−1ΓH where
s ∈ S−0 (1) satisfies ε < |s
α|F ≦ 1 for all α ∈ ∆ \∆σ. However, the set
{s ∈ S0
∣∣ ε < |sα|F ≦ 1 (α ∈ ∆ \ ∆σ)} is finite modulo Z−σ · S0(OF ).
Hence the support of ϕλ,v is compact modulo Z
−
σ H .
This completes the proof of Theorem 6.2. 
Recall that (π, V ) is said to be H-relatively cuspidal if it is (H, λ)-
relatively cuspidal for all λ ∈ (V ∗)H . Now we have obtained one of our
main theorem.
6.9. Theorem. An H-distinguished admissible representation (π, V ) of
G is H-relatively cuspidal if and only if rP ((V
∗)H) = 0 for any proper
σ-split parabolic subgroup P of G.
6.10. Remark. If all σ-split parabolic F -subgroups are H-conjugate to
one in a fixed standard class (see Lemma 2.5 (2) for example), then by
Lemma 6.6, it turns out that rP ((V
∗)H) vanishes for all proper σ-split
P if and only if it does for all standard proper P . Thus, in such a case,
the relative cuspidality is characterized by the vanishing of rP only for
all standard proper σ-split P .
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6.11. The group case. The above characterization of the relative cus-
pidality gives the well-known theorem due to Jacquet in the group
case. Let π1 ⊗ π˜1 be an irreducible ∆G1-distinguished representation
of G1 × G1 with the canonical invariant linear form λ (see 1.5). For a
σ-split parabolic P1×P
−
1 , the linear form rP1×P−1 (λ) is regarded as the
Casselman’s pairing of (π1)P1 and (π˜1)P−1 (see 5.7). It vanishes if and
only if (π1)P1 vanishes since Casselman’s pairing is non-degenerate [C,
4.2.4]. Thus, Theorem 6.9 in the group case asserts that π1 is cuspidal
if and only if (π1)P1 = 0 for all proper parabolic subgroup P1 of G1.
7. Relative subrepresentation theorem
Here we give a proof of the relative version of Jacquet’s subrepre-
sentation theorem. From an inductive argument using the Frobenius
reciprocity and the transitivity of the mapping rP , it is a natural con-
sequence of the characterization theorem in the previous section.
7.1. Theorem. Let π be an irreducible H-distinguished admissible rep-
resentation of G. Then there exists a σ-split parabolic subgroup P =
M⋉U of G and an irreducible M∩H-relatively cuspidal representation
ρ of M such that π is a subrepresentation of IndGP (ρ).
Proof. We show this by induction on the dimension r of the maximal
(σ, F )-split tori of G/Z. If r = 0, then G/ZH is compact by [HW, 4.3].
Hence every H-distinguished representation is H-relatively cuspidal.
Assume r > 0. If (π, V ) is H-relatively cuspidal, there is nothing to
prove. If not, then there exists a non-zero H-invariant linear form
λ ∈ (V ∗)H such that π is not (H, λ)-relatively cuspidal. It follows from
Theorem 6.2 that there exists a proper σ-split parabolic subgroup P
of G such that rP (λ) 6= 0. Let Q = MQ ⋉ UQ be minimal among such.
Then by Proposition 5.9 and Theorem 6.2, it is seen that the Jacquet
module πQ is (MQ ∩ H, rQ(λ))-relatively cuspidal. Apply Proposition
1.11 and take an irreducible MQ ∩ H-distinguished quotient ρ′ of πQ.
By the Frobenius reciprocity asserting that
HomG(π, Ind
G
Q(ρ
′)) ≃ HomMQ(πQ, ρ
′) ( 6= 0) ,
we have an embedding of π into IndGQ(ρ
′). Now the dimension of maxi-
mal (σ, F )-split tori in MQ/AQ (where AQ denotes the F -split compo-
nent ofMQ) is strictly less than r. By the induction hypothesis applied
to ρ′, there exists a σ-split parabolic subgroup MQ ∩ P = MP ⋉ UP
of MQ and an irreducible MP ∩H-relatively cuspidal representation ρ
of MP such that ρ
′ is a subrepresentation of Ind
MQ
MQ∩P
(ρ). Here P is a
σ-split parabolic subgroup of G contained in Q and MP is the σ-stable
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Levi subgroup of P (see 5.8). As a consequence, π is a subrepresenta-
tion of IndGQ
(
Ind
MQ
MQ∩P
(ρ)
)
≃ IndGP (ρ). 
7.2. The group case. We shall apply the above theorem to the group
case. For any irreducible admissible ∆G1-distinguished representation
π1 ⊗ π˜1 of G1 × G1, there exist a σ-split parabolic subgroup P1 × P
−
1
and an irreducible ∆M1-relatively cuspidal representation ρ1 ⊗ ρ˜1 of
M1 ×M1 such that π1 ⊗ π˜1 can be embedded in
IndG1×G1
P1×P
−
1
(ρ1 ⊗ ρ˜1) ≃ Ind
G1
P1
(ρ1)⊗ Ind
G1
P−1
(ρ˜1).
Here ρ1 is an irreducible cuspidal representation of M1. The embed-
ding π1 →֒ Ind
G1
P1
(ρ1) on the first factor asserts nothing but Jacquet’s
subrepresentation theorem (see [C, 5.1.2]). On the second factor we
have the embedding π˜1 →֒ Ind
G1
P−1
(ρ˜1) at the same time (see [S, 3.3.1]).
8. Examples of relatively cuspidal representations
This section is devoted to several examples of relatively cuspidal
distinguished representations.
8.1. Proposition. Cuspidal H-distinguished representations are H-
relatively cuspidal.
Proof. This is immediate from Theorem 6.9. 
Certain examples of cuspidal distinguished representations were con-
structed by Hakim and Mao [HM1, HM2] for the symmetric pairs
(GLn(E), Un(E/F )) and (GLn(F ), On(F )).
In the rest of this section, we shall give two examples of non-cuspidal
but relatively cuspidal distinguished representations.
8.2. The symmetric pair (GLn, GLn−1 × GL1). For n ≧ 3, it is
known that irreducible cuspidal representations of GLn(F ) do not have
any non-zero GLn−1(F )-invariant linear form (see [P, Proof of Theorem
2]). Therefore irreducible cuspidals cannot be GLn−1(F ) × GL1(F )-
distinguished. We shall construct a class of relatively cuspidal repre-
sentations below. For n = 3 similar representations were treated by
D. Prasad in [P]. Representations attached to finite symmetric pair of
this type was studied in [vD].
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8.2.1. Let G be the group GLn/F . Put
ǫ =
(
1
1n−2
1
)
, ǫ′ =
(
1n−1
−1
)
, η =
(
1 1
1n−2
1 −1
)
.
We consider the inner involution σ = Int(ǫ) on G. Let H be the σ-
fixed point subgroup in G and H′ the fixed point subgroup of the other
involution Int(ǫ′). We have
H′ =
{
( A 00 u )
∣∣ A ∈ GLn−1, u ∈ GL1}.
By the relation ǫ = ηǫ′η−1, it is seen that H = η−1H′η. As a maximal
(σ, F )-split torus, we shall take
S0 =
{
diag(s, 1, · · · , 1, s−1)
∣∣ s ∈ GL1}.
Let A∅ be the maximal F -split torus consisting of all the diagonal
matrices and ∆ the set of simple roots of (G,A∅) corresponding to
the Borel subgroup of upper triangular matrices. If ei ∈ X∗(A∅) (for
1 ≦ i ≦ n) denotes the F -rational character of A∅ given by
ei (diag(a1, a2, · · · , an)) = ai,
then ∆ is described as
∆ = {ei − ei+1
∣∣ 1 ≦ i ≦ n− 1}.
It is easy to see that ∆ is a σ-basis. We have
∆σ =
{
e2 − e3, e3 − e4, · · · , en−2 − en−1
}
and
σ(e1 − e2) = −(e2 − en), σ(en−1 − en) = −(e1 − en−1).
There is only one proper standard σ-split parabolic subgroup P0, the
minimal one corresponding to ∆σ. It is the standard parabolic sub-
group of type (1, n− 2, 1), i.e.,
P0 = P1,n−2,1 =
{( a ∗
A
0 b
)
∈ G
∣∣ a, b ∈ GL1, A ∈ GLn−2}.
The σ-stable Levi subgroup M0 of P0 is given by
M0 =
{( a 0
A
0 b
)
∈ G
∣∣ a, b ∈ GL1, A ∈ GLn−2}.
Note that σ acts on M0 as
σ
(
a 0
A
0 b
)
=
(
b 0
A
0 a
)
,
hence M0 ∩H consists of all the matrices of the form
(
a 0
A
0 a
)
. This
implies that the Galois cohomology of M0 ∩ H over F is trivial. So
we have (M0H) (F ) = M0H and thus every proper σ-split parabolic
subgroup of G is H-conjugate to P0 in this case by Lemma 2.5 (2).
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8.2.2. Let Q = Pn−2,2 be the standard parabolic subgroup of G of
type (n− 2, 2), i.e.,
Q =
{ (
A ∗
0 g
) ∣∣ A ∈ GLn−2, g ∈ GL2}.
This is not σ-split nor σ-stable, but the conjugate ηQη−1 is σ-stable.
Take a representation (ρ,Wρ) of GL2(F ) and consider the normalized
induction
π = IndGQ(1GLn−2(F ) ⊗ ρ).
8.2.3. Proposition. If ρ is an irreducible cuspidal representation of
GL2(F ) with trivial central character, then the induced representation
π = IndGQ(1GLn−2(F ) ⊗ ρ)
is irreducible, H-distinguished and H-relatively cuspidal.
The irreducibility follows from the general result of [Z, 3.2, 4.2].
Up to 8.2.5, we show that π carries a non-zero H ′-invariant linear
form (hence is H-distinguished by the relation H = η−1H ′η). Relative
cuspidality will be seen in 8.2.6.
8.2.4. Set O = QH ′. This is a closed (Q,H ′)-double coset of G since
Q is Int(ǫ′)-stable (see [HW, 13.3]). Let I(ρ;O) be the space of all
locally constant mappings φ : O → Wρ satisfying
φ
((
A ∗
0 g
)
x
)
= δP
(
A ∗
0 g
)1/2
ρ(g)φ(x)
= | det(A)| · | det(g)|−(n−2)/2 · ρ(g)φ(x)
for all
(
A ∗
0 g
)
∈ Q and x ∈ O. This is a smooth H ′-module by the
right translation. The restriction map IndGQ(1GLn−2(F )⊗ρ)
res
→ I(ρ;O) is
a surjective H ′-morphism. Taking H ′-invariants in the dual mapping,
we have an injection
(I(ρ;O)∗)H
′
→֒
(
IndGQ(1GLn−2(F ) ⊗ ρ)
∗
)H′
.
So it is enough to construct a non-zero element of (I(ρ;O)∗)H
′
.
8.2.5. Set R = Q ∩H ′ and ρR =
(
(1GLn−2(F ) ⊗ ρ)δ
1/2
Q
)
|R. Explicitly
the subgroup R is given by
R =

 ∗ 0A ... ...
∗ 0
0 ... 0 a 0
0 ... 0 0 d
 ∣∣∣∣∣ A ∈ GLn−2(F ), a, d ∈ F×

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and the representation ρR of R on Wρ is given by
ρR
 ∗ 0A ... ...
∗ 0
0 ... 0 a 0
0 ... 0 0 d
 = ∣∣ det(A)∣∣ · |a|−(n−2)/2 · |d|(n−2)/2 · ρ ( a 00 d ) .
It is seen that φ|H′ belongs to the unnormalized induction ind
H′
R (ρR)
for all φ ∈ I(ρ;O). Furthermore, the mapping φ 7→ φ|H′ gives an
isomorphism
I(ρ;O) ≃ indH
′
R (ρR)
of H ′-modules. By a version of Frobenius reciprocity [C, 2.4.3], we
have isomorphisms
(I(ρ;O)∗)H
′
≃ HomH′
(
indH
′
R (ρR),C
)
≃ HomR (ρR,CδR)
where CδR is the one dimensional representation of R defined by the
modulus character δR of R. Note that δR is given by
δR
 ∗ 0A ... ...
∗ 0
0 ... 0 a 0
0 ... 0 0 d
 = ∣∣ det(A)∣∣ · |a|−(n−2).
So the space HomR (ρR,CδR) consists of all the linear forms ν : Wρ → C
satisfying
〈ν, ρ ( a 00 d )w〉 =
∣∣a∣∣−(n−2)/2 · ∣∣d∣∣(n−2)/2〈ν, w〉
for all w ∈ Wρ and a, d ∈ F×. Under the assumption that ρ is cuspidal
with trivial central character, we can construct such a non-zero linear
form ν : Wρ → C by using the Kirillov model Kρ of ρ (see [JL]). The
space Kρ is C∞c (F
×), on which the action of the diagonals is described
as
(ρ ( a 00 1 ) ξ) (x) = ξ(ax)
for ξ ∈ Kρ, x ∈ F×. Let ν be the linear form on Kρ defined by
〈ν, ξ〉 =
∫
F×
∣∣x∣∣(n−2)/2ξ(x)d×x
where d×x denotes a Haar measure on the multiplicative group F×. It
behaves under the action of ( a 00 d ) = (
d 0
0 d )
(
ad−1 0
0 d
)
as
〈ν, ρ ( a 00 d ) ξ〉 = 〈ν, ρ
(
ad−1 0
0 1
)
ξ〉 =
∫
F×
∣∣x∣∣(n−2)/2ξ(ad−1x)d×x
=
∫
F×
∣∣xa−1d∣∣(n−2)/2ξ(x)d×x = ∣∣a∣∣−(n−2)/2 · ∣∣d∣∣(n−2)/2〈ν, ξ〉.
This is the desired property.
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8.2.6. Finally we show that π = IndGQ(1GLn−2(F ) ⊗ ρ) is H-relatively
cuspidal. Assume the contrary. Recall that any proper σ-split para-
bolic subgroup is H-conjugate to P0. By Theorem 7.1, there exists an
irreducible M0 ∩ H-distinguished (relatively cuspidal) representation,
say χ1⊗ θ⊗χ2, of M0 ≃ F××GLn−2(F )×F× such that π can be em-
bedded in IndGP0(χ1⊗θ⊗χ2). We must have θ = 1GLn−2(F ) and χ2 = χ
−1
1
by the M0 ∩H-distinguishedness. Now we have an embedding
IndGPn−2,2(1GLn−2(F ) ⊗ ρ) →֒ Ind
G
P1,n−2,1
(χ1 ⊗ 1GLn−2(F ) ⊗ χ
−1
1 ),
which contradicts to the cuspidality of ρ.
8.3. The symmetric pair (GL2n, Spn). This kind of symmetric pair
was studied by Heumos and Rallis in [HR] (cf. [BKS] for the finite field
case). They have shown that Spn(F )-models and (non-degenerate)
Whittaker models of G = GL2n(F ) are disjoint. It turns out that there
is no irreducible cuspidal Spn(F )-distinguished representation, since
cuspidals always have Whittaker model. In the following, we shall see
that irreducible Spn(F )-distinguished Langlands quotient representa-
tions of GL2n(F ) constructed in [HR, 11.3] are Spn(F )-relatively cusp-
idal if the inducing representations of GLn(F ) are cuspidal in the usual
sense.
8.3.1. Let G be the group GL2n /F and Jn ∈ G the alternating matrix
given by
Jn =

0 1
−1 0
0 1
−1 0
...
0 1
−1 0
 .
Consider the involution σ on G defined by
σ(g) = Jn
tg−1J−1n .
The σ-fixed point subgroupH ofG is the symplectic group with respect
to Jn. As a maximal (σ, F )-split torus we take
S0 =
{
diag(s1, s1, s2, s2, · · · , sn, , sn)
∣∣ si ∈ GL1}.
Let A∅ be the maximal F -split torus consisting of all the diagonal
matrices and ∆ the set of simple roots of (G,A∅) corresponding to the
Borel subgroup of upper triangular matrices. Then ∆ is a σ-basis: We
have
σ(ei − ei+1) =
{
ei − ei+1 if i is odd,
−(ei−1 − ei+2) if i is even
where the notation is as in 8.2.1. The minimal σ-split parabolic sub-
group P0 corresponding to ∆σ is the standard one of type (2, 2, · · · , 2).
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The σ-stable Levi subgroup M0 of P0 is isomorphic to the product of
n copies of GL2. Looking at the action of σ on M0, it is seen that
M0 ∩H is isomorphic to the product of n copies of SL2. Again by the
triviality of the Galois cohomology ofM0∩H and Lemma 2.5 (2), every
σ-split parabolic subgroup is H-conjugate to a standard one. Maximal
standard σ-split parabolics are ones of type (m, 2n − m) where m is
even and any maximal σ-split parabolics are H-conjugate to such ones.
8.3.2. Let J ′n be the alternating matrix given by
J ′n =
(
0 1n
−1n 0
)
and H′ the symplectic group with respect to J ′n. There is an element
η ∈ G such that Jn = ηJ ′n
tη, which gives the relation H = η−1H ′η.
Thus an admissible representation (π, V ) of G is H-distinguished if and
only if it is H ′-distinguished.
8.3.3. LetQ = Pn,n be the standard parabolic subgroup of type (n, n)
given by
Q =
{
( A ∗0 D )
∣∣ A, D ∈ GLn } .
The conjugate ηQη−1 is σ-stable. Take an irreducible admissible rep-
resentation ρ of GLn(F ) and form the normalized induction
Iρ = Ind
G
Q
(
ρ
∣∣det(·)∣∣1/2 ⊗ ρ∣∣det(·)∣∣−1/2) .
In [HR, 11.3.1.2], it is shown that Iρ is H
′-distinguished, reducible
of length 2 and the unique irreducible quotient πρ of Iρ also is H
′-
distinguished (hence H-distinguished).
8.3.4. Proposition. If ρ is an irreducible cuspidal representation of
GLn(F ), then πρ is H-relatively cuspidal.
Proof. By 6.10 and the remark at the end of 8.3.1, it is enough to
see that rP
(
(π∗ρ)
H
)
= 0 for all maximal standard σ-split parabolic
subgroup P . We show that (πρ)P cannot be M ∩ H-distinguished for
any maximal σ-split parabolic P = Pm,2n−m = M ⋉ U . Except for the
case that m = n and n is even, P is not associated to Q, hence (Iρ)P
(and also (πρ)P ) vanishes by the cuspidality of ρ (see [BZ, 2.13(a)]). If
n is even and m = n (namely P = Q), then (Iρ)P (and also (πρ)P ) is
cuspidal by [BZ, 2.13(c)]. In this case, M = GLn(F ) × GLn(F ) and
M ∩ H = Spn(F ) × Spn(F ), so the cuspidal M-module (πρ)P cannot
be M ∩H-distinguished by the remark at the beginning of 8.3. 
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